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A NEW FAMILY OF HIGHER-ORDER GENERALIZED
HAANTJES TENSORS, NILPOTENCY AND INTEGRABILITY
PIERGIULIO TEMPESTA AND GIORGIO TONDO
Abstract. We propose a new infinite class of generalized binary tensor fields,
whose first representative of is the known Fro¨licher–Nijenhuis bracket. This
new family of tensors reduces to the generalized Nijenhuis torsions of level m
recently introduced independently in [11] and [22] and possesses many inter-
esting algebro-geometric properties.
We prove that the vanishing of the generalized Nijenhuis torsion of level
(n − 1) of a nilpotent operator field A over a manifold of dimension n is
necessary for the existence of a local chart where the operator field takes
a an upper triangular form. Besides, the vanishing of a generalized torsion
of level m provides us with a sufficient condition for the integrability of the
eigen-distributions of an operator field over an n-dimensional manifold. This
condition does not require the knowledge of the spectrum and of the eigen-
distributions of the operator field. The latter result generalizes the celebrated
Haantjes theorem.
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1. Introduction
In the last two decades, the study of the geometry of Nijenhuis and Haantjes
tensors has experienced a resurgence of interest. The notion of Nijenhuis torsion
was introduced in [18] as a significant development in the search for differential
concomitants of tensor fields. In [19], Nijenhuis’s construction was generalized to
the case of bilinear concomitants. Also, a graded bracket on the space of vector-
valued differential forms of all degrees was introduced. In [7], this theory was further
developed, leading to the graded bracket nowadays called the Fro¨licher-Nijenhuis
bracket. This bracket is relevant in several geometric contexts, in particular in
the theory of almost-complex structures, as stated by the Newlander-Nirenberg
theorem [17], [10]. Slightly before, in the seminal paper [9] Haantjes proposed the
fundamental notion of torsion bearing his name. In particular, he proved that
the vanishing of the Haantjes torsion of a (1, 1) tensor field provides us with a
necessary condition guaranteeing the existence of an integrable frame of generalized
eigenvectors (which is also sufficient in the case of pointwise semisimple operators).
Recently, new and conspicuous applications of Nijenhuis and Haantjes tensors
have been found, for instance, in the characterization of integrable chains of partial
differential equations of hydrodynamic type (see e.g. [16], [6], [4]) and recently in the
study of infinite-dimensional integrable systems, in connection with the celebrated
WDVV equations of associativity and the theory of Frobenius manifolds [13]-[15].
In [21]–[24] we have proposed the notion of Haantjes algebras and the related ones
of ωH and PH manifolds as the natural setting for the formulation of the theory
of classical finite-dimensional Hamiltonian integrable systems.
At the same time, the search for new (1, 2) tensor fields with suitable geometric
properties is an intrinsically interesting problem, since it could help characterize
algebraically more general families of operator fields whose standard Nijenhuis and
Haantjes torsions do not vanish.
The aim of this work is twofold. Our first goal is to introduce a new, infinite class
of tensor fields that generalize several known geometric objects. The first represen-
tative of our class coincides with the well-known Fro¨licher–Nijenhuis bracket [7]; the
second one is a new example, a generalized Haantjes binary tensor HA,B(X,Y ); by
means of a recursive procedure we also define infinitely many novel binary higher-
order tensors. Here “binary” means that the tensors introduced depend on a pair
(A,B) of (1,1) tensor fields.
A fundamental aspect of this construction is the fact that a simple reduction of
this family, obtained when each representative depends on a pair (A,A) of copies
of the same operator field, coincides with the family of generalized torsions defined
independently (and from a different perspective) by Y. Kosmann-Schwarzbach in
[11] and by ourselves in [22]. Indeed, a first motivation for us was to extend that
family of torsions, depending on a single (1, 1) tensor field, to depend more generally
on two different (1, 1) tensor fields. Thus, we kept with the same philosophy leading
from the Nijenhuis tensor to the Fro¨licher–Nijenhuis bracket.
Another inspiring motivation was to generalize the rich Fro¨licher-Nijenhuis ge-
ometry by means of a new “tower” of tensors, whose vanishing would characterize
very general families of operators, as the triangularizable ones, that (except in very
specific cases) have indeed non-zero Haantjes torsion.
Indeed, we have ascertained the geometric relevance of our generalized tensors
in several important situations. In Theorem 16 we prove that the vanishing of the
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Haantjes binary tensor of two operator fields is a necessary condition for the exis-
tence of a local chart allowing us to diagonalize simultaneously the two operators.
More important, we prove in Theorem 17 that given two semisimple commuting
Haantjes operators, their generalized Haantjes tensor HA,B(X,Y ) vanishes. Also,
we study several interesting algebraic properties of this new tensor.
Our second goal is to clarify the geometric meaning of the generalized tensors of
higher level [11], [22]. Indeed, in Theorem 31 of Section 5 we prove a very general
result: the vanishing of the generalized Nijenhuis torsion τ
(n−1)
A (X,Y ) = 0 of level
(n − 1) of a nilpotent operator field A on a manifold of dimension n is necessary
for the existence of a local chart where the operator field takes a triangular form
(see eq. (44)).
This statement has naturally inspired us a similar conjecture for the binary
case: the vanishing of the generalized Haantjes binary tensor of level (n − 1) of
two nilpotent fields of operators on a manifold of dimension n is necessary for the
existence of a local chart allowing us to put them in a triangular form.
The main theorem of the present work, Theorem 46 of Section 6, concerns the
integrability properties of the generalized eigen-distributions of an operator field.
A seminal result, due to Haantjes, states that in the case of a semisimple oper-
ator field, a necessary and sufficient condition for the Frobenius integrability of
its eigen-distributions of constant rank is that its Haantjes tensor identically van-
ishes. However, in the general case of a non-semisimple operator with generalized
eigen-distributions, the previous condition is only sufficient. Thus, in cases when
the Haantjes tensor of the operator is not zero, no conclusion can be drawn about
integrability.
Our main theorem fills precisely this gap. Indeed, we shall prove that the vanish-
ing of a generalized Nijenhuis tensor τ
(m)
A (X,Y ) of level m for some integer m ≥ 1
provides a sufficient condition for the integrability of the eigen-distributions of an
operator field A, as well as of all of the semidirect sums. Since the latter condition
is weaker than the vanishing of the Haantjes tensor, we can prove the Frobenius
integrability of the eigen-distributions of operator fields in situations their Haantjes
tensor is not zero. We wish to remark that the interest of our result, in the spirit of
Haantjes’s theorem, relies crucially on the fact that no knowledge of the spectrum
of the operator nor of its eigen-distributions is required.
At the same time, for completeness we also provide necessary and sufficient con-
ditions for the Frobenius integrability of the eigen-distributions of an operator field
in terms of generalized tensors of higher level, assuming the knowledge of its eigen-
distributions. Under this hypothesis, we show that the Nijenhuis torsion as well as
any of the higher level ones allow to characterize integrable eigen-distributions of
operator fields.
In short, our results concerning both the existence of local charts for nilpotent
operators and the Frobenius integrability of non-semisimple operators indicate that
all of the infinitely many higher level tensors introduced are in principle relevant.
Further research is needed in order to deepen into the rich algebraic structure
associated with generalized Haantjes tensors. An important open problem we ad-
dress at the end of the article is to decompose a generic field of operators in a local
coordinate chart as the sum of a diagonal operator and another operator, whose
generalized Nijenhuis torsion (of a suitable level) vanishes. We also believe that
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the theory proposed could play a significant role in the theory of integrable sys-
tems, especially in the study of generic hydrodynamic-type systems, not possessing
Riemann invariants. Work is in progress along all these lines.
2. Preliminaries on the Nijenhuis and Haantjes geometry
In this section, we shall review some basic notions concerning the geometry of
Nijenhuis or Haantjes torsions, following the original papers [9, 18] and the related
ones [19, 7]. Here we shall focus only on the aspects of the theory which are relevant
for the subsequent discussion.
We shall consider a differentiable manifold M and an operator field A : TM →
TM , namely a (1, 1) tensor field or, equivalently, a field of linear operators on the
tangent space at each point of M .
Definition 1. The Nijenhuis torsion of A is the skew-symmetric (1, 2) tensor field
defined by
(1) TA(X,Y ) := A
2[X,Y ] + [AX,AY ]−A
(
[X,AY ] + [AX,Y ]
)
,
where X,Y ∈ TM and [ , ] denotes the commutator of two vector fields.
On a local coordinate chart x = (x1, . . . , xn), the Nijenhuis torsion takes the
form
(2) (TA)
i
jk =
n∑
α=1
(
∂Aik
∂xα
Aαj −
∂Aij
∂xα
Aαk +
(∂Aαj
∂xk
−
∂Aαk
∂xj
)
Aiα
)
.
Skew-symmetry implies that the number of its independent components is n2(n−
1)/2.
Definition 2. The Haantjes torsion associated with A is the (1, 2) tensor field
defined by
(3) HA(X,Y ) := A
2TA(X,Y ) + TA(AX,AY )−A
(
TA(X,AY ) + TA(AX,Y )
)
.
An equivalent, explicit relation is [11]
HA(X,Y ) = A
4[X,Y ] + [A2X,A2Y ]− 2A3
(
[X,AY ] + [AX,Y ]
)
+A2
(
[X,A2Y ] + 4 [AX,AY ] + [A2X,Y ]
)
− 2A
(
[AX,A2Y ] + [A2X,AY ]
)
.
(4)
In a local chart, we have
(5)
(HA)
i
jk =
n∑
α,β=1
(
AiαA
α
β(TA)
β
jk + (TA)
i
αβA
α
j A
β
k −A
i
α
(
(TA)
α
βkA
β
j + (TA)
α
jβA
β
k
))
,
A simple but important particular case is that of a field of operators A which
takes a diagonal form in a local chart x = (x1, . . . , xn):
(6) A(x) =
n∑
i=1
li(x)
∂
∂xi
⊗ dxi ,
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where li(x) are the eigenvalue fields of A and
(
∂
∂x1
, . . . , ∂
∂xn
)
are the fields of ref-
erence frame called natural frame. Its Nijenhuis torsion reads
(7) (TA)
i
jk = (lj − lk)
(
∂lj
∂xk
δij +
∂lk
∂xj
δik
)
.
whereas its Haantjes torsion is
(8) (HA)
i
jk = (li − lj)(li − lk)(TA)
i
jk .
From these formulae one can prove the following well known
Proposition 3. Let A be a smooth field of operators. If there exists a local coor-
dinate chart (x1, . . . , xn) where A takes the diagonal form (6), then the Haantjes
torsion of A vanishes.
Remark 4. We wish to point out that the terms diagonalizable and semisimple
are both used in the literature, sometimes interchangeably. From now on, we shall
call diagonalizable an operator (as in Proposition 3) which takes a diagonal form in
a natural reference frame, whereas we shall say that an operator field is pointwise
semisimple (in short semisimple) if it admits a local reference frame (non necessarily
natural, nor integrable [1]) in which takes a diagonal form. Diagonalizable operators
are obviously semisimple but the converse is not true in general. Indeed, this is the
problem addressed by Nijenhuis and Haantjes, namely to ascertain whether a local
reference frame is also integrable.
The Haantjes (Nijenhuis) vanishing condition inspires the following definition.
Definition 5. A Haantjes (Nijenhuis) operator is a field of operators whose Haan-
tjes (Nijenhuis) torsion identically vanishes.
It is interesting to observe that the algebraic properties of Haantjes operators
are richer that those of Nijenhuis operators. Hereafter, I : TM → TM will denote
the identity operator. One useful result is the following.
Proposition 6. [2]. Let A be a field of operators. The following identity holds
(9) HfI+gA(X,Y ) = g
4HA(X,Y ),
where f, g : M → R are C∞(M) functions.
Proof. See Proposition 1, p. 255 of [2]. 
Interestingly enough, such a property does not hold in the case of a Nijenhuis
operator.
Many more examples of Haantjes operators, relevant in classical mechanics and
in Riemannian geometry can be found for instance in [21]–[24].
3. A Generalized Haantjes binary tensor
Let M be a differentiable manifold and let A,B : TM → TM be two (1, 1)
tensor fields, i.e. two fields of linear operators on the tangent space at each point
of M .
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3.1. The Fro¨licher-Nijenhuis bracket.
Definition 7. [7] The Fro¨licher–Nijenhuis bracket of A and B is the skew-symmetric
(1, 2) tensor field given by
JA,BK(X,Y ) =
(
AB +BA
)
[X,Y ] + [AX,BY ] + [BX,AY ]
−A
(
[X,BY ] + [BX,Y ]
)
−B
(
[X,AY ] + [AX,Y ]
)
, X, Y ∈ TM .(10)
Remark 8. For sake of clarity, in this article we have renounced to the usual
unified notation [· , ·] which depending on the context stands for both the standard
Lie bracket of vector fields and the Fro¨licher–Nijenhuis bracket of operator fields.
Instead, we have preferred to maintain the previous notation for the Lie bracket
and to introduce the symbol J· , ·K for the Fro¨licher–Nijenhuis bracket.
This bracket is symmetric and R-linear in A and B, but is not C∞(M)-linear.
In fact, it fulfils the following identity
JfA,BK(X,Y ) =fJA,BK(X,Y )
+(BX)(f)AY −X(f)BAY − (BY )(f)AX + Y (f)BAX ,
(11)
where X(f) denotes the Lie derivative of an arbitrary function f ∈ C∞(M) with
respect to the vector field X .
The Fro¨licher–Nijenhuis bracket has relevant geometric applications [17], in par-
ticular in the theory of almost-complex structures and can also express obstructions
to integrability in different contexts [10].
Note that for each operator B : TM → TM , we have
(12) JI,BK(X,Y ) = 0, ∀X,Y ∈ TM .
When A = B in eq. (10), one gets twice the Nijenhuis torsion [18]:
JA,AK(X,Y ) = 2 TA(X,Y ) ,
which, for all a, b ∈ R, satisfies the identity
(13) τaA+bB(X,Y ) = a
2τA(X,Y ) + b
2τB(X,Y ) + a b JA,BK(X,Y ) .
From this identity, one can infer the following
Proposition 9. Let A and B be two Nijenhuis operators. They generate a vec-
tor space of Nijenhuis operators if and only if their Fro¨licher–Nijenhuis bracket
identically vanishes.
In the following discussion, we shall introduce a “tower” of higher level tensors.
The first step is to generalize the Fro¨licher–Nijenhuis bracket “a` la Haantjes”. To
the best of our knowledge, all the definitions we shall propose are new, although,
in our opinion, very natural.
3.2. A generalized Haantjes tensor.
Definition 10. The generalized Haantjes tensor of A and B (or Haantjes binary
tensor) is the skew-symmetric (1, 2) tensor field defined by
HA,B(X,Y ) :=
(
AB +BA
)
JA,BK(X,Y ) + JA,BK(AX,BY ) + JA,BK(BX,AY )
− A
(
JA,BK(X,BY )JA,BK(BX,Y )
)
− B
(
JA,BK(X,AY ) + JA,BK(AX,Y )
)
, X, Y ∈ TM .(14)
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This tensor field is not R-linear in A and B but is symmetric as well as the
Fro¨licher–Nijenhuis bracket; for A = B it reduces to (four times) the standard
Haantjes torsion:
(15) HA,A(X,Y ) = 4 HA(X,Y ) .
We also have computed an explicit formula for the binary Haantjes tensor in terms
of commutators of operator fields. We have
HA,B(X,Y ) : =
(
AB +BA
)2
[X,Y ]
+ AB
(
2[AX,BY ] + 2[BX,AY ] + [ABX,Y ] + [X,ABY ]
)
−2A
(
AB + BA
)(
[BX,Y ] + [X,BY ]
)
+ [A2X,B2Y ] + [ABX,BAY ]
−2A
(
[BAX,BY ] + [AX,B2Y ] + [ABX,BY ] + [B2X,AY ] + [BX,ABY ]
+ [BX ,BAY ]
)
+A2
(
[X,B2Y ] + 2[BX,BY ] + [B2X,Y ]
)
+ S(A,B) ,
where S(A,B) denotes the contribution of all terms necessary to make HA,B sym-
metric in the interchange of A and B.
From eq. (12) and Definition 10 we infer the simple
Corollary 11. Let M be a differentiable manifold and let B : TM → TM be a
(1, 1) tensor field. Then
(16) HI,B(X,Y ) = 0 ∀X,Y ∈ TM .
In the subsequent considerations, [A,B] := AB −BA. A more general result is
provided by the following
Proposition 12. Let M be a differentiable manifold, f ∈ C∞(M) and let A,B :
TM → TM be two (1, 1) tensor fields. Then, the following identity holds:
(17) HfA,B(X,Y ) = f
2HA,B(X,Y )
+ f
((
BY
)
(f)
(
A
[
A,B]− [A,B]A
)
+ Y (f)
(
B[A,B]A−AB[A,B]
)
− (BAY )(f)[A,B] + (AY )(f)B[A,B]
)
X
− f
((
BX
)
(f)
(
A[A,B]− [A,B]A
)
+X(f)
(
B[A,B]A−AB[A,B]
)
− (BAX)(f)[A,B] + (AX)(f)B[A,B]
)
Y .
Formula (17) can be derived by a direct (although cumbersome) calculation.
Corollary 13. If [A,B] = 0, then
(18) HfA, gB(X,Y ) = f
2g2HA,B(X,Y ) .
Consequently,
(19) HfI, gB(X,Y ) = 0 , ∀f, g ∈ C
∞(M) .
8 PIERGIULIO TEMPESTA AND GIORGIO TONDO
Lemma 14. Let M be a differentiable manifold, f ∈ C∞(M) and let A,B : TM →
TM be two (1, 1) tensor fields. Then, for all f ∈ C∞(M) we have
(20) HA+fI,B(X,Y ) = HA,B(X,Y ) +HfI,B(X,Y )+
+X(f)B[A,B]Y − Y (f)B[A,B]X + (BX)(f)[A,B]Y − (BY )(f)[A,B]X .
The property (9) of the Haantjes torsion can be extended to the case of binary
Haantjes tensor fields .
Proposition 15. Let A and B commute. Then, for all f, g, h, k ∈ C∞(M)
(21) HfI+gA,hI+kB(X,Y ) = g
2 k2HA,B(X,Y ) .
Proof. The result follows from Lemma 14, taking into account eqs. (18) and (19)
and the symmetry of the tensor field HA,B w.r.t. A and B. 
The Haantjes binary tensor (14) possesses an interesting geometric interpretation.
Theorem 16. Let A, B : TM → TM two (1, 1) tensor fields which can be simul-
taneously diagonalized in a local chart of a differentiable manifold M . Then for any
X,Y ∈ TM , the generalized Haantjes tensor HA,B(X,Y ) = 0 .
Proof. We shall denote bt Aii and B
j
j the non-vanishing components of A and
B respectively. Then in the local chart allowing simultaneous diagonalization, by
means of a direct calculation we get
(HA,B)
i
jk = JA,BK
i
jk
(
2AiiB
i
i +A
j
jB
k
k +A
k
kB
j
j −A
i
i(B
k
k +B
j
j)−B
i
i(A
k
k +A
j
j)
)
.
If i, j, k are all different, then JA,BKijk vanishes. Moreover, if i = k 6= j and
i = j 6= k, the sum of the terms inside the round brackets vanishes as well. 
We also believe that the notion of Haantjes binary tensor proposed above is
relevant in order to characterize R-vector spaces of Haantjes operators. These
spaces are a basic building block of our construction of Haantjes algebras in ref.
[22]. Precisely, our aim is to propose a tensorial characterization of the existence
of a module of Haantjes operators. A first answer is provided by the following
Theorem 17. Let A, B be two semisimple commuting Haantjes operators. Then
the following equivalent statements hold:
i) The generalized Haantjes tensor of A and B vanishes:
HA,B(X,Y ) = 0.
ii) The tensor A+B is a Haantjes operator:
HA+B(X,Y ) = 0.
Proof. i) If A,B : TM → TM are semisimple commuting Haantjes operators,
then according to Theorem 39 in [22] there exists a local chart where they can be
simultaneously diagonalized. Thus Theorem 16 above ensures that HA,B(X,Y ) =
0.
ii) On the same local chart where A and B are diagonal, then A +B is also a
diagonal tensor. Therefore A+B is a Haantjes tensor, namely HA+B(X,Y ) = 0.

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In order to study the general case of the module generated by two arbitrary
(i.e. not necessarily semisimple) operators, let us introduce the following skew-
symmetric (1, 2) tensor field
∆A,B(X,Y ) : =
(
A2τB +A
2JA,BK +AB(τA + τB
))
(X,Y ) + JA,BK(AX,AY )
+ τA(AX,BY ) + τA(BX,AY ) + τA(BX,BY )
− A
(
JA,BK(AX,Y ) + JA,BK(X,AY ) + τA(BX,Y ) + τA(X,BY )(22)
+τB(X,AY ) + τB(AX,Y ) + τB(X,BY ) + τB(BX,Y )
)
+ S(A,B)(X,Y ) ,
where with S(A,B) we denote the contribution of all terms necessary to make
∆A,B symmetric in the interchange of A and B. As one can see by a direct
computation, the tensor field (22) fulfils the property
∆fI,B(X,Y ) = 0 ∀f ∈ C
∞(M) , ∀X,Y ∈ TM .
The relevance of the tensor field (22) relies on the following identity for all X,Y ∈
TM :
(23) HA+B(X,Y ) = HA(X,Y ) +HB(X,Y ) +HA,B(X,Y ) + ∆A,B(X,Y ) .
Consequently, we deduce a characterization of the sum of Haantjes operators.
Proposition 18. Let A and B be two Haantjes operators. Their sum A+B is a
Haantjes operator if and only if
(24) HA,B(X,Y ) + ∆A,B(X,Y ) = 0 ∀X,Y ∈ TM
Proof. The result is a consequence of the general identity (23) applied to the case
when A and B are assumed to be Haantjes operators. 
Proposition 19. Let A, B be two semisimple commuting Haantjes operators.
Then
∆A,B(X,Y ) = 0 .
Proof. It is sufficient to take into account eq. (24) and the fact that HA,B(X,Y ) =
0 due to Theorem 17. 
Also, we conjecture the following result.
Conjecture 20. Let M be a differentiable manifold and let A,B : TM → TM be
two (1, 1) tensor fields. Assume that HA(X,Y ) = HB(X,Y ) = 0 and [A,B] = 0.
Then
(25) HA,B(X,Y ) = 0⇐⇒ HA+B(X,Y ) = 0 .
Remark 21. In view of Theorem 17, the nontrivial part of the conjecture refers to
the non-semisimple case. The validity of the conjecture has been checked numeri-
cally in many examples.
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4. Generalized Haantjes binary tensors of level m
4.1. Main definition. We shall present here the main construction of this article,
namely the recursive definition of an infinite class of new tensor fields depending
on pairs A,B of operators.
Definition 22. Let M be a differentiable manifold of dimension n and let A,B :
TM → TM be two (1, 1) tensor fields. The generalized Haantjes tensor of level m
of A and B (or binary Haantjes tensor) is the skew-symmetric (1, 2) tensor field
defined for all X,Y ∈ TM by
H
(m)
A,B(X,Y ) :=
(
AB +BA
)
H
(m−1)
A,B (X,Y ) +H
(m−1)
A,B (AX,BY ) +H
(m−1)
A,B (BX,AY )
−A
(
H
(m−1)
A,B (X,BY ) +H
(m−1)
A,B (BX,Y )
)
−B
(
H
(m−1)
A,B (X,AY ) +H
(m−1)
A,B (AX,Y )
)
.
(26)
Here the notations H
(1)
A,B(X,Y ) ≡ JA,BK(X,Y ) and H
(2)
A,B(X,Y ) ≡ HA,B(X,Y )
are adopted.
The following statement can be useful for computational purposes.
Lemma 23. The expression of the m-th level Haantjes binary tensor in local co-
ordinates reads
(H
(m)
A,B)
i
jk =
n∑
α,β=1
(
AiαB
α
β(H
(m−1)
A,B )
β
jk +B
i
αA
α
β (H
(m−1)
A,B )
β
jk + (H
(m−1)
A,B )
i
αβA
α
j B
β
k
+ (H
(m−1)
A,B )
i
αβB
α
j A
β
k −A
i
α
(
(H
(m−1)
A,B )
α
jβB
β
k + (H
(m−1)
A,B )
α
βkB
β
j
)
− Biα
(
(Hm−1A,B )
α
jβA
β
k + (H
(m−1)
A,B )
α
βkA
β
j
))
.
Proof. This formula comes directly from the expression in coordinates of the Fro¨licher-
Nijenhuis bracket, by applying the recursive Definition 22. 
The first representative of the class (26) is obviously the standard Fro¨licher-
Nijenhuis bracket [7]. Observe that if we take A = B, then the previous chain of
tensor fields reduces to the chain of generalized torsions proposed independently in
[11] and [22]. Here we remind the main definition of that construction.
Definition 24. The generalized Nijenhuis torsion of level m, for each integer m ≥
1, is the (1,2) skew-symmetric tensor field
τ
(m)
A (X,Y ) : =
1
2m
H
(m)
A,A(X,Y ) = A
2τ
(m−1)
A (X,Y ) + τ
(m−1)
A (AX,AY )(27)
− A
(
τ
(m−1)
A (X,AY ) + τ
(m−1)
A (AX,Y )
)
, X, Y ∈ TM .
Here the notation τ
(0)
A (X,Y ) = [X,Y ], τ
(1)
A (X,Y ) = τA(X,Y ) and τ
(2)
A (X,Y ) =
HA(X,Y ) is adopted.
For further uses, we remind a relevant formula, proved in ref. [11] (Section 4.6), by
means of the polynomial representation of (1, 2) tensor fields defined in [3]:
(28) τ
(m)
A (X,Y ) =
m∑
p=0
m∑
q=0
(−1)2m−p−q
(
m
p
)(
m
q
)
Ap+q
[
Am−pX,Am−qY
]
.
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Alternatively, we have also proved this formula by induction over m.
4.2. Algebraic properties and spectral analysis. Now we shall study some of
the most relevant properties of the new class of tensors (26).
Lemma 25. Let M be a differentiable manifold and A,B : TM → TM be two
(1, 1) tensor fields. For any X,Y ∈ TM , we have
(29) H
(m)
I,B(X,Y ) = 0, m ∈ N\{0} .
Moreover, if [A,B] = 0, we have
(30) H
(m)
fA,B(X,Y ) = f
m H
(m)
A,B(X,Y ), m ∈ N\{0, 1},
and therefore
(31) H
(m)
fI,B(X,Y ) = 0 .
Proof. Relation (29) is a direct consequence of Corollary 11, and is obtained by
induction overm. Similarly, property (30) follows from the property (18) by induc-
tion over m. Equation (31) is an immediate consequence of eqs. (29) and (30). 
Proposition 26. For each integer m ≥ 2, we have
(32) H
(m)
fI+gA,hI+kB(X,Y ) = g
mkmH
(m)
A,B(X,Y ) ∀f, g, h, k ∈ C
∞(M)
Proof. We have first proved eq. (32) for h = 0 and k = 1, by induction over m,
taking into account Prop. 15 and the C∞(M)-linearity of the Haantjes binary
tensors of level m w.r.t. X and Y . Then, the thesis follows from its symmetry
w.r.t. the interchange of the first and the second operator. 
Corollary 27. Let A be an operator field. Then for all f ∈ C∞(M)
τ
(m)
I (X,Y ) = 0 , m ∈ N\{0}(33)
τ
(m)
fI+gA(X,Y ) = g
2mτ
(m)
A (X,Y ), m ∈ N\{0, 1} .(34)
Proof. In order to obtain eqs. (33) and (34), it is sufficient to substitute into eq.
(32) g = 1, h = f , k = 1, B = A. 
We remind that for m = 1, the following formula for the Nijenhuis torsion holds
(35)
TgA(X,Y ) = g
2TA(X,Y )+g
(
(AX)(g)AY −(AY )(g)AX+Y (g)A2X−X(g)A2Y
)
,
that can be recovered from (11), choosing f = g and B = gA.
Let us study now some spectral properties of an operator field A from the per-
spective of the theory of higher order Nijenhuis torsions. We are interested in the
most general case of pointwise non-semisimple operators.
Let us denote with Spec(A) := {λ1(x), λ2(x), . . . , λs(x)} the set of the distinct
eigenvalues of an operator A, which we shall always assume to be real in all the
forthcoming considerations. Also, we denote by
(36) Di(x) = ker
(
A(x)− λi(x)I
)ρi
, i = 1, . . . , s
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the i-th generalized eigen-distribution, that is the distribution of all the generalized
eigenvector fields corresponding to the eigenvalue λi = λi(x). In eq. (36), ρi stands
for the Riesz index of λi, namely the minimum integer such that
(37) ker
(
A(x)− λi(x)I
)ρi
≡ ker
(
A(x)− λi(x)I
)ρi+1
,
that we assume to be (locally) independent of x. When ρi = 1, Di is a proper
eigen-distribution.
Without loss of generality, we focus only on two eigenvalues of A, µ and ν,
possibly coincident. Let us denote by Xα, Yβ two fields of generalized eigenvectors
with indices α and β, corresponding to the eigenvalues µ = µ(x) and ν = ν(x),
and belonging to a Jordan chain in Dµ, Dν , respectively:
(38)
AXα = µXα +Xα−1, AYβ = νYβ + Yβ−1 , 1 ≤ α ≤ ρµ, 1 ≤ β ≤ ρν ,
where X0 and Y0 are agreed to be null vector fields. Then, it holds
(39) Xα ∈ ker
(
A− µI
)α
, Yβ ∈ ker
(
A− νI
)β
.
Evaluating the Nijenhuis torsion on such eigenvector fields, we get
TA(Xα, Yβ) =
(
A− µI
)(
A− νI
)
[Xα, Yβ ] + (µ− ν)
(
Xα(ν)Yβ + Yβ(µ)Xα
)
−
(
A− µI
)
[Xα, Yβ−1]−
(
A− νI
)
[Xα−1, Yβ ] + [Xα−1, Yβ−1](40)
−
(
Xα(ν)Yβ−1 + Yβ−1(µ)Xα
)
+
(
Xα−1(ν)Yβ + Yβ(µ)Xα−1
)
.
Inspired by the previous formula, we found a similar expansion in terms of commu-
tators for the torsion of any level.
Proposition 28. Let A be a field of operators and Xα, Yβ be two of its fields of
generalized eigenvectors in Dµ, Dν , respectively. Then, for any integer m ≥ 2 it
holds
(41)
τ
(m)
A (Xα, Yβ) =
m∑
i,j=0
(−1)i+j
(
m
i
)(
m
j
)(
A− µI
)m−i(
A− νI
)m−j
[Xα−i, Yβ−j ].
Proof. It proceeds by induction over m and it is reported in Appendix A. 
Moreover, the following result holds.
Proposition 29. Let M be a differentiable manifold and A : TM → TM be a
(1, 1) tensor field. Let us consider an A-invariant distribution of vector fields D
which is involutive: [D,D] ⊆ D. Then
(42) τ
(m)
P (A)(D,D) ⊆ D , m ∈ N\{0} ,
where P (A) =
∑n
k=1 ak(x)A
k is any polynomial in A with coefficients ak(x) ∈
C∞(M).
Proof. The thesis follows directly from Eq. (28), using the fact that D is involutive
and invariant also w.r.t. P (A). 
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5. Generalized Nijenhuis and Haantjes tensors for nilpotent
operators
We wish to show that both the generalized Nijenhuis torsions and generalized
Haantjes binary tensors of level m possess an interesting geometric meaning, when
we consider the case of triangular nilpotent operator fields. The relevance of these
operators is well known: according to the classical Jordan-Chevalley decomposition,
given a vector space V , any linear endomorphism L : V → V can be decomposed
(in a suitable basis) as the sum L = D + T , where D is a diagonal operator and
T is a strictly upper triangular operator.
Definition 30 (The natural flag). Let (x1, . . . , xn) be a local coordinate chart and
( ∂
∂x1
, . . . , ∂
∂xn
) the natural reference frame associated. The flag of integrable distri-
butions
C0 = {0} ⊂ C1 =< e1 >⊂ C2 =< e1, e2 >⊂ . . . ⊂ Cn−1 =< e1, . . . , en−1 >⊂ Cn = TM,
where ei :=
∂
∂xi
i = 1, . . . , n − 1, will be called the natural flag associated with the
local chart (x1, . . . , xn).
5.1. Generalized torsions and nilpotency. Let M be an n-dimensional differ-
entiable manifold, and A : TM → TM be a a nilcyclic [5] operator A, that is a
nilpotent operator field of maximal index r = n:
An = 0 e An−1 6= 0 .
This is equivalent to require that A be an operator field both nilpotent and cyclic.
Under these assumptions, the null characteristic flag of A
{0} ⊂ kerA ⊂ kerA2 ⊂ . . . ⊂ kerAn = TM
is a complete flag [12], that is, rank(kerAj) = j , j = 1, . . . , n. Also, the following
inclusion holds:
(43) Ak(kerAj) ⊆ kerAj−k, j ≥ k = 1, . . . , n .
We shall assume that there exists a local coordinate chart (x1, . . . , xn) on M where
A takes the strictly upper triangular form
(44) A =
n∑
i,j=1
aij(x)
∂
∂xi
⊗ dxj , aij = 0 if i ≥ j .
Here aij(x) = aij(x
1, . . . , xn) are smooth arbitrary functions depending on the
local coordinates on M . In this case, the integrable distributions of the natural flag
coincide with the kernels of the powers of the operator A. Precisely,
(45) Cj = kerA
j j = 1, . . . , n .
The following result establishes a necessary condition for a nilcyclic operator to
be represented in the upper triangular form in a suitable coordinate chart.
Proposition 31. Let M be an n-dimensional differentiable manifold, and A :
TM → TM be a nilcyclic (1,1) tensor field on M . If there exists a local chart
where the operator field A takes the triangular form (44), then the generalized
Nijenhuis torsion of level (k − 1) vanishes for all X,Y ∈ kerAk, namely
(46) τ
(k−1)
A (kerA
k, kerAk) = 0 k ∈ N\{0, 1} .
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Proof. We start observing that, as a consequence of equations (43) and (45), the
(strong) invariance condition
(47) Ap(Cj) ⊆ Cj−p p = 0, . . . , n ,
holds. Here it is understood that Cj−p ≡ C0 for j ≤ p. Then, we proceed by
induction over k = 2, . . . , n− 1. To this aim, we notice that for k = 2
τA(e1, e2) = A
2
✘✘
✘[e1, e2] + [✟✟Ae1,Ae2]−A([✟✟Ae1, e2] + [e1,Ae2])
= −
✘✘
✘✘
✘
A[e1,Ae2] = 0 ,
where the first summand vanishes to the fact that both e1, e2 are constant fields,
the second and third one vanish because e1 ∈ kerA, whereas the fourth one is zero
due to the invariance condition (47) and the involutivity of kerA. Now we assume
that
(48) τ
(k−1)
A (ei, ej) = 0 i, j = 1, . . . , k .
This hypothesis, jointly with the definition 27 and the A-invariance of kerAk imply
τ
(k)
A (ei, ej) = 0 i, j = 1, . . . , k .
We are led with the terms
τ
(k)
A (ei, ek+1) i = 1, . . . , k,
to be evaluated by means of Eq. (28). We get
τ
(k)
A (ei, ek+1) =
k∑
p,q=0
(−1)−(p+q)
(
k
p
)(
k
q
)
Ap+q
[
Ak−pei,A
k−qek+1
]
i = 1, . . . k .
As ei ∈ kerA
k, the terms with p = 0 vanish. Moreover, for p > 0, by virtue of
equation (47) the following inclusions hold
(49)
Ap+q
[
Ak−pei,A
k−qek+1
]
⊆ Ap+q
[
Ci−(k−p), Ck+1−(k−q)
]
⊆ Ap+q(Cmax(i−k+p,1+q))
⊆ C
−(p+q)+max(i−k+p,1+q) = C0 .

We can now infer a direct but important consequence of Proposition (31).
Corollary 32. Let M be an n-dimensional differentiable manifold, n ≥ 2 and
A : TM → TM be a nilcyclic (1,1) tensor field on M . Then, the condition
τ
(n−1)
A (X,Y ) = 0, X, Y ∈ TM
is necessary for the existence of a local chart where A takes the triangular form
(44).
Proof. It is sufficient to apply Proposition (31) to the level k = n and to observe
that, due to the fact that A is nilcyclic, then kerAn = TM . 
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5.2. A more general triangular case. Proposition 31 can now be extended to
the case of operator fields with only one eigenvalue of the form
(50) L = fI +A, f ∈ C∞(M)
where A is a nilcyclic operator and I is the identity operator. Precisely, we wish
to study whether there exists a local chart (x1, . . . , xn) on M where L takes the
upper triangular form
(51) L =
n∑
i,j=1
(f(x)δij + aij(x))
∂
∂xi
⊗ dxj , aij = 0 if i ≥ j .
An answer to this question is provided by the following
Theorem 33. Let M be an n-dimensional differentiable manifold, n ≥ 3 and
L : TM → TM be a (1,1) tensor field of the form (50) on M . If there exists of a
local chart where L takes the triangular form (51), then
τ
(k−1)
L (X ,Y ) = 0 ∀ X,Y ∈ ker(L− fI)
k, 3 ≤ k ≤ n− 1 ,(52)
and
τ
(n−1)
L (X,Y ) = 0 ∀ X,Y ∈ TM .(53)
Proof. The previous conditions hold as a consequence of Proposition 31, Theorem
32 and Corollary 27. 
5.3. Conjecture for generalized tensors. Inspired by this proposition, we con-
jecture the following result, which has been tested in many examples.
Conjecture 34. Let M be an n-dimensional differentiable manifold, and A,B :
TM → TM be two nilpotent commuting (1,1) tensor fields on M . The vanishing
of their generalized Haantjes binary tensor of level (n− 1)
(54) H
(n−1)
A,B (X,Y ) = 0
is a necessary condition for the existence of a local chart where the tensor fields A,
B take simultaneously the triangular form (44).
5.4. An open question. A natural problem is to ascertain whether there exists a
Jordan-Chevalley-type decomposition for an operator field. Precisely, we propose
the following
Problem. LetM be an n-dimensional differentiable manifold. Determine under
which conditions, there exist coordinate charts on M such that, an operator field
L : TM → TM can be decomposed into the sum of two operators L = D + T
where D is a diagonal operator and T is a upper strict triangular operator of the
form (44), fulfilling conditions (46).
6. Frobenius Integrability and generalized Haantjes tensors
6.1. Conditions for integrability of eigen-distributions. The geometric rele-
vance of the new families of generalized tensors introduced in this paper is further
clarified by their strict relationship with the notion integrability of distributions of
(generalized) eigenvectors associated with (1, 1)-tensor fields.
In the subsequent discussion, the eigenvalue and eigenvector fields associated
with a generic operator field are supposes to be known. This hypothesis will not
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be necessary in the Main Theorem, where no knowledge a priori of the eigen-
distributions will be necessary.
Remark 35. We shall assume that all the eigen-distributions considered have con-
stant rank onM . For involutive distributions, this condition implies their Frobenius
integrability.
First we state the following
Lemma 36. Let A : TM → TM be a non-invertible operator field. For any
X,Y ∈ kerA, we have
(55) τ
(m)
A (X,Y ) = A
2m[X,Y ], m ∈ N\{0} .
Proof. Eq. (55) comes from eq. (28) taking into account that only the terms with
p = q = m are non-vanishing. 
Let us recall that the Riesz index of an operator field A is the Riesz index ρ of
its zero eigenvalue, supposed to be locally constant over M :
(56) {0} ⊂ kerA ⊂ kerA2 ⊂ . . . ⊂ kerAρ = kerAρ+1 = . . . = kerAρ+j ⊆ TM .
We deduce the relevant
Lemma 37. Under the hypotheses of Lemma 36 we have
(57) A−j(kerAρ) = kerAρ+j = kerAρ ∀j ∈ N .
where A−j(S) denotes the pre-image of the set S.
Proof. Let us prove the first identity in two steps.
• A−j(kerAρ) ⊆ kerAρ+j as Aρ+j(A−j(kerAρ)) = {0}.
• kerAρ+j ⊆ A−j(kerAρ) as 0 = Aρ+jX ⇔ AjX ∈ kerAρ ⇔ X ∈
A−j(kerAρ).
The last identity (57) follows immediately from the stationary property of the Riesz
index of the flag (56). 
Proposition 38. Let A : TM → TM be an operator field and let ρ its Riesz index.
The following conditions are equivalent:
1) the distribution kerAρ is involutive;
2)
(58) τAρ(kerA
ρ, kerAρ) ⊆ kerAρ ;
3)
(59) τAρ(kerA
ρ, kerAρ) = 0 .
Proof. 1) =⇒ 2). It follows from Proposition 29, taking into account that the
distribution kerAρ that is involutive by assumption, is also A-invariant.
2) =⇒ 1). From Eq. (55) applied to Aρ we get
(60) τAρ(kerA
ρ, kerAρ) kerAρ ⊇ A2ρ[kerAρ, kerAρ] .
Computing the pre-image ofA2ρ of both sides of such an equation, the result follows
by virtue of assumption (58) and property (57) for j = 2ρ.
1) =⇒ 3) It comes directly from equation (60).
3) =⇒ 2) Obvious. 
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Taking into account Definition 24, from (58) and (59) we deduce a theoretically
interesting property.
Corollary 39. The distribution kerAρ is involutive if and only there exist an
integer m ≥ 1 such that one of the two following equivalent conditions is satisfied
τ
(m)
Aρ (kerA
ρ, kerAρ) ⊆ kerAρ ,(61)
τ
(m)
Aρ (kerA
ρ, kerAρ) = 0 .(62)
Furthermore, if one of the previous condition is fulfilled for an integer m ≥ 1, then
they are both fulfilled for all integers m ≥ 1.
The last statement can be understood observing that, if the distribution D =
kerAρ is integrable, then the operator field Aρ can be restricted to each integral
leaf of D and such restrictions vanish.
Thus, applying Proposition 38 to each operator (A− λiI) we obtain
Theorem 40. Let A : TM → TM be an operator field and Di = ker(A − λiI)
ρi .
Then, the following propositions are equivalent.
1) The distribution Di is involutive.
2)
(63) τ
(m)
(A−λiI)ρi
(Di,Di) ⊆ Di ∀m ∈ N\{0} ;
3)
(64) τ
(m)
(A−λiI)ρi
(Di,Di) = 0 ∀m ∈ N\{0} .
Remark 41. Relations (63) and (64) represents a family of infinitely many, equiv-
alent necessary and sufficient conditions. It suffices that one of them be satisfied
in order to ensure that all of them are.
We remind that the Nijenhuis theorem [18] was not stated in the non-semisimple
case. However, the previous analysis allows us to conclude that both the Nijenhuis
torsion and the higher-order ones are equally good, especially from a theoretical
point of view, to detect the integrability properties of the eigen-distributions of an
arbitrary, i.e. not necessarily semi-simple operator field.
6.2. Main Theorem. As we have shown, the results above provide new necessary
and sufficient conditions for integrability of eigen-distributions of generalized eigen-
vectors. However, they require the knowledge a priori of the eigenvalues and eigen-
vectors of the given operator field. Instead, in the spirit of the seminal theorems by
Nijenhuis and Haantjes, it would be desirable to have integrability conditions which
do not require to solve the eigenvalue problem for a given operator field. Precisely,
we wish to establish the integrability of the generalized eigen-distributions of an
operator field A whenever its Haantjes torsion is not zero, without recurring to the
explicit determination of its eigen-distributions, which indeed could be computa-
tionally intractable for large n. To the best of our knowledge, no result is known
to this problem. In the Main Theorem, we will offer a solution to this problem in
terms of a sufficient condition for integrability which is obtained combining together
several properties of our generalized tensors.
First, let us consider some preliminary results.
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Lemma 42. Let A be a field of operators and Xα, Yβ be two of its generalized
eigenvector fields in Dµ, belonging to (possibly different) Jordan chains with the
same eigenvalue µ. If there exists an integer m ≥ 1 such that
(65) τ
(m)
A (Dµ,Dµ) = 0,
then their commutator satisfies the relation
(66)
[Xα, Yβ ] ∈ ker
(
A− µI
)α+β+m
≡ ker
(
A− µI
)min(α+β+m,ρµ)
⊆ ker
(
A− µI
)ρµ
,
where min(· , · ) stands for the minimum of its arguments.
Proof. First, we prove the casem ≥ 2. If α = β = 1 and µ = ν, eq. (41) implies that
[X1, Y1] ∈ ker
(
A− µI
)2m
. By induction over (α + β), and applying the operator(
A − µI
)α+β−m
to both members of eq. (41) it follows that [Xα, Yβ ] ∈ ker
(
A −
µI
)α+β+m
. Then, for proving the case m = 1 we observe that if the Nijenhuis
torsion τ
(1)
A vanishes over Dµ, τ
(m)
A vanishes as well over Dµ, for m ≥ 1. 
Proposition 43. Let A be a field of operators. Each of its eigen-distributions Dµ
with Riesz index ρµ is involutive if
(67) τ
(m)
A (Dµ,Dµ) = 0
for some integer m ≥ 1. In the semisimple case (ρµ = 1), if Dµ is involutive the
condition (67) is fulfilled for each integer m ≥ 2.
Proof. Lemma 42 immediately implies that Dµ is an involutive distribution
(68) [Dµ,Dµ] ⊆ Dµ .
In particular, if ρµ = 1, every µ-eigenvector of A is a proper eigenvector, and from
eq. (41) one infers that
τ
(m)
A (Dµ,Dµ) = 0⇐⇒ [X1, Y1] ∈ ker
(
A− µI
)2m
≡ ker
(
A− µI
)
= Dµ .

Lemma 44. Let A be a field of operators and Dµ, Dν two eigen-distributions
fulfilling, for some integer m ≥ 1
(69) τ
(m)
A (Dµ,Dν) = 0
Then, the commutator of two generalized eigenvector fields of A, with different
eigenvalues µ, ν, fulfills the relation
[Xα, Yβ ] ∈ ker
(
A− µI
)α+m−1
⊕ ker
(
A− νI
)β+m−1
(70)
≡ ker
(
A− µI
)min(α+m−1,ρµ)
⊕ ker
(
A− νI
)min(β+m−1,ρν)
⊆ ker
(
A− µI
)ρµ
⊕ ker
(
A− νI
)ρν
,
with 1 ≤ α ≤ ρµ, 1 ≤ β ≤ ρν .
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Proof. If α = β = 1 and µ 6= ν, eq. (41) for m ≥ 2 implies that [X1, Y1] ∈
ker
(
A−µI
)m
⊕ ker
(
A− νI
)m
. By induction over (α+β), applying the operator(
A−µI
)α−1(
A−νI
)β−1
to both members of (41) the assertion follows for m ≥ 2.
If τ
(1)
A (Dµ,Dν) = 0 also τ
(m)
A (Dµ,Dν) = 0 for m ≥ 1. This completes the proof. 
It is immediate to ascertain that the above Lemma implies [Dµ,Dν ] ⊂ Dµ ⊕ Dν ,
so that the following result holds
Proposition 45. Let A be a field of operators and Dµ, Dν two eigen-distributions
with Riesz index ρµ, ρν respectively, fulfilling, for some m ≥ 1
(71) τ
(m)
A (Dµ,Dν) = 0 .
Then, the distribution
Dµ ⊕Dν ≡ ker
(
A− µI
)ρµ
⊕ ker
(
A− νI
)ρν
, µ 6= ν
is involutive.
Now, we can prove our main result concerning integrability.
Theorem 46. Let A : TM → TM be an operator field with eigen-distributions of
constant rank. Assume that
(72) τ
(m)
A (X,Y ) = 0, X, Y ∈ TM
for some m ≥ 1. Then each eigen-distribution of A as well as each semidirect sum
of its eigen-distributions is integrable.
Proof. This result is a direct consequence of Lemma 42 and Proposition 43, whose
hypotheses are indeed satisfied if we assume the condition (72). 
One can wonder if the fulfilling of condition (72) for some m implies that it is
fulfilled for each m as well as in Corollary 39. This is not the case as is shown by
the following simple
Example. Let M be a 3 dimensional manifold (x1, x2, x3) a local chart in M . Let
us consider the operator field
(73) L =

 λ1 f 00 λ1 g
0 0 λ2

 ,
where λ1 = (e
x1+x2+x3 − 1), λ2 = e
(x1+x2+x3)
2
, f = sin(x1+x2+x3), g = cos(x1+
x2+x3). The minimal polynomial of L is m(λ) := (λ−λ1)
2(λ−λ2), so that ρ1 = 2,
ρ2 = 1. It has the generalized eigen-distribution D1 = ker(L − λiI)
2 =< e1, e2 >
which is (obviously) integrable and the proper eigen-distribution D2 = ker(L−λ2I)
which is of rank 1. Although the generalized torsions τ
(m)
L do not vanish identically
for m = 1, 2, the distribution D1 is integrable thanks to the condition
τ
(3)
L (X,Y ) = 0 .
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6.3. A comparison with Haantjes’s classical theorem. In his seminal paper
[9], Haantjes has proved a fundamental theorem concerning the integrability of the
eigen-distributions of a given field of operators A. Precisely:
i) If A is semisimple, the vanishing of its Haantjes torsion
(74) HA(X,Y ) = 0 X,Y ∈ TM
is a necessary and sufficient condition for the integrability of all of its eigen-
distributions and of all direct sums of them.
ii) If the operator is non-semisimple, then condition (74) is sufficient to guarantee
integrability, but not necessary.
Our improvement of the Haantjes theorem is offered by the family of conditions
(72) which indeed are more general than the standard vanishing condition of the
Haantjes tensor of an operator field. Precisely, if for a given, not semisimple op-
erator A it turns out that HA(X,Y ) 6= 0, then no conclusion about integrabiility
of its eigen-distributions can be deduced from Haantjes’s theorem. Nevertheless, if
there exists m > 2 such that τ
(m)
A (X,Y ) = 0, this condition will be sufficient to
ensure integrability.
Observe that in the semisimple case, we have ρi = 1 ∀i, so we recover Haantjes’s
statement on the integrability of any single eigen-distribution directly from Propo-
sition 43. Instead, in the non-semisimple case (ρi > 1), which is the most general
one, the Theorem 46, provide an infinite family of new sufficient conditions.
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7. Appendix
Proof. of Proposition 28. We proceed by induction over m ≥ 2. If m = 2, Formula
(41) reduces to
(75) HL(Xα, Yβ) =
2∑
i,j=0
(−1)i+j
(
2
i
)(
2
j
)(
L− µI
)2−i(
L− νI
)2−j
[Xα−i, Yβ−j ].
which is obtained from the relation for the Haantjes torsion
HL(Xα, Yβ) =
(
L− µI
)(
L− νI
)
TL(Xα, Yβ) +
−
(
L− µI
)
TL(Xα, Yβ−1)−
(
L− νI
)
TL(Xα−1, Yβ) + TL(Xα−1, Yβ−1)(76)
by substituting (40) into (76).
Let us suppose that the result holds for m e and prove that it holds true for
(m+ 1). From this assumption and the Def. 27, it follows that
τ
(m+1)
L (Xα, Yβ) =
m∑
i,j=0
(−1)i+j
(
m
i
)(
m
j
)(
L− µI
)m−i(
L− νI
)m−j
(
L2[Xα−i, Yβ−j ] + [LXα−i,LYβ−j ]−L
(
[LXα−i, Yβ−j] + [Xα−i,LYβ−j ]
))
.
(77)
Taking into account eq. (38), after performing the shifts (i+1) 7→ i and (j+1) 7→ j,
we obtain
τ
(m+1)
L (Xα, Yβ) =
m∑
i,j=0
(−1)i+j
(
m
i
)(
m
j
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
(78)
−
m∑
i=0
m+1∑
j=1
(−1)i+j−1
(
m
i
)(
m
j − 1
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
−
m+1∑
i=1
m∑
j=0
(−1)i+j−1
(
m
i− 1
)(
m
j
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
+
m+1∑
i,j=1
(−1)i+j
(
m
i− 1
)(
m
j − 1
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
+
m∑
i,j=0
(−1)i+j
(
m
i
)(
m
j
)
(L− µI)m−i(L− νI)m−j+
(
((µ− ν)Xα−i(ν) +Xα−(i+1)(ν)
)
Yβ−j −Xα−i(ν)Yβ−(j+1)+
− ((ν − µ)Yβ−j(µ) + Yβ−(j+1)(µ)
)
Xα−i + Yβ−j(µ)Xα−(i+1)
)
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Therefore, we can rewrite it in the form
τ
(m+1)
L (Xα, Yβ) =
m∑
i,j=1
(−1)i+j
(
m
i
)(
m
j
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
+
m∑
i=0
(−1)i
(
m
i
)
(L− µI)m+1−i(L− νI)m+1[Xα−i, Yβ ]+
+
m∑
j=0
(−1)j
(
m
j
)
(L− µI)m+1(L− νI)m+1−j [Xα, Yβ−j ]+
+
m∑
i,j=1
(−1)i+j
(
m
i
)(
m
j − 1
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j]+
+
m∑
i=1
(−1)m+1+i
(
m
i
)
(L− µI)m+1−i[Xα−i, Yβ−(m+1)]+
+
m+1∑
j=1
(−1)j
(
m
j − 1
)
(L− µI)m+1(L− νI)m+1−j [Xα, Yβ−j ]+
+
m∑
i,j=1
(−1)i+j
(
m
i− 1
)(
m
j
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
+
m+1∑
i=1
(−1)i
(
m
i − 1
)
(L− µI)m+1−i(L− νI)m+1[Xα−i, Yβ]+
+
m∑
j=1
(−1)m+1+j
(
m
j
)
(L− νI)m+1−j [Xα−(m+1), Yβ−j]+
+
m∑
i,j=1
(−1)i+j
(
m
i− 1
)(
m
j − 1
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ]+
+
m+1∑
i=1
(−1)m+1−i
(
m
i− 1
)
(L− µI)m+1−i[Xα−i, Yβ−(m+1)]+
+
m∑
j=1
(−1)m+1−j
(
m
j − 1
)
(L− νI)m+1−j [Xα−(m+1), Yβ−j]+
+
m∑
i,j=0
(−1)i+j
(
m
i
)(
m
j
)
(L− µI)m−i(L− νI)m−j+
(
((µ− ν)Xα−i(ν) +Xα−(i+1)(ν)
)
Yβ−j −Xα−i(ν)Yβ−(j+1)+
− ((ν − µ)Yβ−j(µ) + Yβ−(j+1)(µ)
)
Xα−i + Yβ−j(µ)Xα−(i+1)
)
.
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First, let us prove that the terms of the last three lines vanish. In fact, they are
m∑
i,j=0
(−1)i+j
(
m
i
)(
m
j
)(
((µ− ν)Xα−i(ν) +Xα−(i+1)(ν)
)(
L− µI
)m−i
Yβ−m+
−Xα−i(ν)
(
L− µI
)m−i
Yβ−(m+1) − ((ν − µ)Yβ−j(µ) + Yβ−(j+1)(µ)
)(
L− νI
)m−j
Xα−m+
Yβ−j(µ)
(
L− νI
)m−j
Xα−(m+1)
)
=
=
m∑
j=0
(−1)j
(
m
j
)( m∑
i=0
(−1)i
(
m
i
)(
L− µI
)m−i(
((µ− ν)Xα−i(ν) +Xα−(i+1)(ν)
)
Yβ−m −Xα−i(ν)Yβ−(m+1)
)
−
m∑
i=0
(−1)i
(
m
i
)( m∑
i=0
(−1)j
(
m
j
)(
L− νI
)m−j(
((ν − µ)Yβ−j(µ) + Yβ−(j+1)(µ)
)
Xα−m − Yβ−j(µ)Xα−(m+1)
)
(79)
and
∑m
j=0(−1)
j
(
m
j
)
= 0 is a property of binomial coefficients.
Let us consider the terms with the commutators [Xα−i, Yβ−j ]
m∑
i,j=1
(−1)i+j
((
m
i
)((
m
j
)
+
(
m
j − 1
))
+
(
m
i− 1
)((m
j
)
+
(
m
j − 1
))
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j]
=
m∑
i,j=1
(−1)i+j
(
m+ 1
i
)(
m+ 1
j
)
(L− µI)m+1−i(L− νI)m+1−j [Xα−i, Yβ−j ] .
(80)
Terms with [Xα, Yβ−j ]
(L− µI)m+1
( m∑
j=0
(−1)j
(
m
j
)
(L− νI)m+1−j +
m+1∑
j=1
(−1)j
(
m
j − 1
)
(L− νI)m+1−j
)
[Xα, Yβ−j ]
= (L− µI)m+1
( m∑
j=1
(−1)j
(
m+ 1
j
)
(L− νI)m+1−j [Xα, Yβ−j ]+
+ (L− νI)m+1[Xα, Yβ ] + (−1)
m+1[Xα, Yβ−(m+1)]
)
.
(81)
Terms with [Xα−i, Yβ ]
(L− νI)m+1
( m∑
i=0
(−1)i
(
m
i
)
(L− µI)m+1−i +
m+1∑
i=1
(−1)j
(
m
i− 1
)
(L− νI)m+1−i
)
[Xα−i, Yβ ] =
= (L− νI)m+1
( m∑
i=1
(−1)i
(
m+ 1
i
)
(L− µI)m+1−i[Xα−i, Yβ ] + (L− µI)
m+1[Xα, Yβ ]+
+ (−1)m+1[Xα−(m+1), Yβ ]
)
.
(82)
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Terms with [Xα−i, Yβ−(m+1)]
m+1∑
i=1
(−1)m+1+i
((
m
i
)
+
(
m
i− 1
))
(L− µI)m+1−i[Xα−i, Yβ−(m+1)]
=
m+1∑
i=1
(−1)m+1+i
(
m+ 1
i
)
(L− µI)m+1−i[Xα−i, Yβ−(m+1)]
(83)
Terms with [Xα−(m+1), Yβ−j]
m+1∑
j=1
(−1)m+1+j
((
m
j
)
+
(
m
j − 1
))
(L− νI)m+1−j [Xα−(m+1), Yβ−j ]
=
m+1∑
j=1
(−1)m+1+j
(
m+ 1
j
)
(L− νI)m+1−j [Xα−(m+1), Yβ−j ]
(84)
One can check that the sum of the above terms coincides with the expression of
τ
(m+1)
L (Xα, Yβ) obtained by the Def. (27) for (m+ 1). 
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